Summary. An analytical solution method is presented for the problem of radiative transfer in the presence of a magnetic field and of absorbing lines. Previously available solution methods are also presented and tested, and the usefulness and limitations of the different methods are discussed.
Introduction
The solution to the problem of radiative transfer in the presence of a magnetic field and of absorbing lines (giving rise to Zeeman-split lines) requires the treatment of four interdependent differential equations for the four Stokes parameters. This problem is important for both solar physics and astrophysics.
A number of solution methods have been proposed. Unno (1956) and Stepanov (1958) present analytical solutions for the special case in which the opacities are constant and the source function is linear in optical depth; however, other approaches must be sought for realistic atmospheres. Shipman (1971) offers a simple approximate method for calculating the flux and circular polarization. Beckers (1969) gives a full numerical solution based on the Runge-Kutta algorithm, and Hardorp, Shore & Wittmann (1976) present an approximate numerical solution based on a perturbation method.
The object of this paper is two-fold. First, we present a new method for integrating the radiative transfer equations using an explicit analytical solution. This method has been used successfully in the restricted case of three Stokes parameters for computing the theoretical spectra of magnetic white dwarfs (Martin & Wickramasinghe 1979a; Wickramasinghe & Martin 1979) . Secondly , we present a comparison of this method with the above solution methods currently in use to solve the radiative transfer problem for polarized light, in terms of their accuracy , computational speed and convenience .
An analytical solution
We first present a solution to the radiative transfer problem for the restricted set of three Stokes parameters /, Q and K, since this restricted set is sufficient for many astrophysical B. Martin andD. T. Wickramasinghe problems and because the solution is considerably simpler and demonstrates the method of solution. Afterwards the solution for the full set of four Stokes parameters will be presented.
The radiative transfer equations for the restricted set of three Stokes parameters /, Q and Vare (Unno 1956) dl M -=!?/(/-5) + t? ß ß + r ?F F,
M-= h<2 (/-#) +i?/ß,
where h/ = Virip sin 2 \p + VaÍ-Qi + 7? r )(l + cos 2 \p),
= cos 6, where 0 is the angle between the propagation direction and the normal to the surface of the star, \jj is the angle between the propagation direction and the direction of the local magnetic field, B is the local source function, and r? p , r?/ and r} r are the ratios of the total absorption coefficient of the three shifted Zeeman components to the (unpolarized) continuum absorption coefficient. (The 'total absorption coefficient' includes both continuous and line absorption, and hence allows for polarization in the continuum. If the continuum is not polarized, then t? p , t?/ and r¡ r can be taken to correspond to the ratio of line-to-continuum opacities, and r?/ in our formulation is replaced by 1 + as is done in most presentations of the radiative transfer equations.) The optical depth r scale refers to unpolarized light in the continuum, i.e. dr = -K p dz where K p is the absorption coefficient for p-electrons in the continuum.
To solve the equations, we take a series of optical depths t 0 = 0, r u r 2 ,..., r max . At each optical depth 77 there is an Unno solution for the radiation emerging from the sphere whose physical radius corresponds to that optical depth:
where AE, ß = B l dB/dr, r¡j, t¡q and r¡ v are evaluated at r,-. For the initial solution at r max we adopt the expressions (7)-(9) evaluated at r max . Given a solution /", Q n and V n at any optical depth r", we calculate the solution at the next lowest depth r m by assuming that in the region r m < r < r ni 3 I = I a +I b T+ X I Ci exp 0/x), 
B^Ba+yr.
Substituting equations (10)- (13) into (1)- (3) and equating constant terms and terms in r and exp (^t), values for the unknown parameters in equations (10)- (13) 
Öm =ßt/+4l+>?£42, (
Vm^Vu-riQqJnv + rivqi,
where Ijj,Qu an( l Vu are given by equations (7)-(9) evaluated at r m , and
~ fn ~ Bn* (21)
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To obtain maximum accuracy, the parameters 7, r?/, 97^ and 97^ in the above expressions should be evaluated at %(r" + r m ). An alternative using values only at the 77 is to set 7 = (B m -5")/(r m -T n ) and take the values of 97/, r)Q and 97^ as the average of their values at T m and r n . The expressions (14)- (26) are given in a form suitable for automatic computation. In some special cases the round-off error in calculating a 2 by equation (24) is severe, a problem which the expression (25) avoids. Note that if the initial solution at r max Is an Unno solution as specified by equations (7) to (9), then q x will always vanish. The assumption made in deriving the solution (14)- (26) is that the source function B is linear in r between r m and r", and that 97/, tiq and 97^ are constant in the same region. If a sufficient number of r values are adopted, this assumption should be closely satisfied. We find that with constant opacities and a grey atmosphere, that three points are sufficient to give accuracy within 1 per cent; with a more realistic temperature structure, six points are sufficient to give 1 per cent accuracy. With non-constant opacities, more integration points usually would be required for a similar accuracy. B. Martin and D. T. Wickramasinghe
For the full set of four Stokes parameters I, Q, U and Vthe radiative transfer equations may be written (Hardorp et al 1976) ¡x -= 7? / (/-fi) + T? ß ß + r? K K, where 0 is the azimuth with respect to an arbitrary x-axis at right angles to the line of sight. Hardorp et al. (1976) also note that if dip/dr * 0 then the solution to equations (27)- (30) is obtained by replacing p R by p R -2p(d(p/dT). The terms p R and p jy introduce anomalous dispersion into the system. The Unno solution for equations (27)- (30) This Unno solution (31)- (38) is again adopted as the initial solution at T max . Given a solution at r", solutions at r m are calculated using expressions like equations (10)- (12) but with four exponential terms. Substituting the expressions into equations (27)- (30) results in four eigenvalues a,-, two real and two complex. The solution at T m may be written
where
where 7^, Qu, Uu and Vu are given by equations (31)- (34) evaluated at r m , and
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where again in equations (49)- (52), /¡y, Q v , Uu and Vu are given by equations (31)- (34) evaluated at r m , and
The solution (39)- (63) is given in a form suitable for automatic computation (calculating in reverse order). Note that if there is no anomalous dispersion (p R = Pw = Q) then y = 0 and the solution breaks down: see equations (53) and (54). The solution (14)- (26) should be used in this case.
Numerical solutions
Besides the analytical solution presented for the restricted set of three Stokes parameters by Unno (1956) , there are at least three proposed approaches for solving the radiative transfer problem in a magnetic field, given by Shipman (1971) , Beckers (1969) and Hardorp et al. (1976) . Tests of these methods will be presented in Section 4 after the brief description here. B. Martin and D. T. Wickramasinghe
The analytical approach of Unno can be applied to atmospheres in which the source function B is non-linear in r by obtaining an approximate linear source function (Unsold 1955, Section 41) which for our purposes may be written
The solution is then obtained using equations (7)- (9) or (31)- (34) where the opacities are evaluated at r*=2/3. This approach can only be expected to apply successfully to atmospheres such as a grey atmosphere which are similar to the Unno atmosphere. Shipman's method is based on the assumption that the effect on flux and circular polarization due to increased absorption in a single Zeeman component is proportional to the change in flux in a single component system with suitably altered opacity. Here we apply the method to calculate intensity only, for the sake of comparison with the other methods. The single component equation for the intensity is
If I c is the surface intensity of the solution to equation (68) with continuum absorption only, and I r is the surface intensity of the solution to equation (68) in which t? is replaced by rj n the opacity of the single Zeeman component which is additionally absorbing (here arbitrarily assumed to be the component which absorbs right-handed circularly polarized light; rjf. also includes the r-component of the continuum, in agreement with the notation adopted previously), then the Shipman solution is Iq -V^ifr ■*" ^)j (69)
The method makes no prediction for Q 0 or U 0 . Much more sophisticated looking formulae can be derived when taking into account averaging over the stellar disc and when incorporating a particular T-t relationship (see, e.g. Landstreet & Angel 1975; Brown et al 1977) , but equations (69) and (70) represent the essence of the method. Beckers' approach (see also the corrections and supplementary work of Wittmann 1972 Wittmann , 1974 is simply based on a Runge-Kutta approximation to the derivatives in equations (l)- (3) or (27)- (30), and step-wise numerical solution outwards beginning at an optical depth well within the atmosphere.
Hardorp et al\ approach is based on an orthogonal transformation of the equations (27)-(30), and a perturbation-type solution of the resulting equations. Up to second order their solution may be written
F=(r?^+rj where a x and a 2 are given by equations (23) and (25), and 
The solution (72)- (73) for Q and Umust be rotated as indicated previously for any solution to the radiative transfer equations as formulated in equations (27)~(30) i In equations (79), (80), (91) and (92) we have incorporated slight corrections in Hardorp et aVs formulae as written. In each of the integrals (79)- (89) the factors composing the integrand are functions of T although this is not explicitly noted, and each of the expressions on the left hand side of the equals signs are functions of r. Hardorp et al note that Z) = 0 unless different types of Zeeman components mix (or in the case of r-dependent continuum polarization, which amounts to the same thing).
Tests of the methods
In testing the methods, 31 different r points were used. This large number of r points was adopted so that the results would depend solely on the solution method and not on approximations involved in quadrature; as in the case of the analytical solution, a much smaller number of points would be sufficient for practical purposes. Three different atmospheric structures were used: (a) an Unno source function, B{r) =1+0.2 r; (b) a grey atmosphere temperature structure 7= 12000(3 r/4 + Vz) 1/4 , \ = 5000Â; and (c) a 'real' atmosphere adopted from Wickramasinghe (1972) with T Q = 12 000 K and X = 5000 Â (see Table 1 for the T-t relationship in the real atmosphere). Some details of the computational procedure are in order. For Shipman's method, the intensities I r and I c were obtained using the analytical solution with all r?'s equal. This is costly in computational time but guarantees that the method comparison does not involve differences in quadrature techniques. For the Runge-Kutta method, the initial optical depth was taken as r = 5, and steps of Ar = 10" 3 were used. For Hardorp et ß/.'s method, integrals of the form
were transformed to the form Í,
where f is related to x by Ai = \ T a x dT" = -In (x).
The integrals of form (94) were then evaluated by utilizing 3 l,x-coordinates evenly spaced in the interval x = (0, exp (-^i)). This in effect represents a quadrature formula in which the optical depths are the values r^x) and the weights are all unity. In both the RungeKutta and Hardorp et a/.'s methods the values of i?, r?j, tiq and ri v were found by interpolating linearly in the tables giving these parameters at the 31 fixed optical depths. For the tests, a variety of functional dependences of ri p , r?/ and r( r on r were used. In addition, different tests were made in which r\ r was multiplied by a factor 1 + 10^, k = -2, -1,...,6, to simulate the effect of lines of varying strength. Some representative results are presented in Tables 2-6 . Results for the real atmosphere case are emphasized Table 2 . Comparison of solutions to the radiative transfer problem in a magnetic Unno atmosphere with source function B = 1 + 0.2r, using the analytical method, the Unno solution, the method of Shipman (1971) , the Runge-Kutta method and the method of Hardorp et al. (1976) , for several sets of constant opacities, with m = 0.8, cos -0.7, cos 20 = 0.6 and r\p-r\i = Table 4 . Comparison of solutions to the radiative transfer problem in a real atmosphere from Wickramasinghe (1972) , T e = 12 000 K, in a magnetic field, using the analytical method, an Unno solution with B = 1 + 0.738r, the method of Shipman (1971) Table 7 a comparison of computational execution times is presented. It will be convenient to comment on these results and on the general convenience of the methods at the same time. First, the Unno solution is only satisfactory for giving a rough approximation to an accurate solution in grey-type atmospheres. For our real atmosphere the Unno solution is quite inaccurate, not surprisingly since it depends only on the effective temperature T Q and the opacities at r* = 2/3. To be fair, the approximation to an Unno atmosphere presented by Unsold (1955) was designed originally for grey-type atmospheres; we have applied it to the real atmosphere case for the sake of completeness.
Second, Shipman's method usually gives a reasonable result for the intensity but for circular polarization it cannot be relied upon. For example, in the case of a real atmosphere and a weak single component line with r-independent opacities (Table 4), Shipman's method underestimates the circular polarization by roughly 50 per cent. Analytical extensions of this method which are currently in use for the computation of continuum polarization in magnetic white dwarfs (Angel 1977; Brown et al 1977) thus may lead to large errors even if a reaHstic atmospheric structure is adopted. Two of the extensions of Shipman's method are analysed in Martin & Wickramasinghe (1979b) . The poor results achieved using Shipman's method are not surprising, remembering that the method is not based on rigorous mathematical analysis of the problem. The poor values for circular polarization seem to come about from lack of treatment of linear polarization: the Shipman values for V 0 seem to be some sort of non-linear average of the actual 0 0 , f/ 0 and V Q values. Table 7 . Approximate computer execution time in seconds on a Univac 1110 for determining solutions to the radiative transfer problem in a magnetic field for 27 different temperature structure and opacity sets, using the analytical method, an Unno solution, the method of Shipman (1971) , the Runge-Kutta method and the method of Hardorp et al (1976 (Obviously, suitably small r step sizes could have been used to obtain solutions for ri r > 10 cost of increased round-off error.) Therefore, this method can be recommended only for weak lines or when the number of integrations required is quite small.
Fourth is the method of Hardorp et al It is fairly expensive with computational time compared to the analytical solution method, but it is unlike the Runge-Kutta approach in that no increase in computation time is required for deeper lines. In many cases Pr-Pw~ Z) = 0 and the zero order term gives an exact solution. When Pi? = ppv = 0 but D ^ 0 the inclusion of up to second order terms appears to give excellent accuracy. However, the method seems inadequate on some special cases of r-dependent 77's and in the case of large values of p R and p^. We have found that when t¡q and r¡ v change sign at some optical depth -even when D = 0 -Hardorp et al \ method gives incorrect results, as seen in Table  6 . (We have not been able to discover the precise theoretical reason for the breakdown of the method in this special case.) Also note that certain r?-r relations, such as 77^, = 1 + r 1/2 , 77/ = 1, T?,. = 1 + T, give rise to a singularity in D at r = 0, though this may not give problems in a given numerical solution. Finally, when p R and pw are sizable as in the final case in Tables 2-6 , the perturbation method does not converge quickly enough to give satisfactory results.
Conclusion
We have demonstrated an explicit analytical solution to the radiative transfer problem in Zeeman-split lines. Also we have compared the accuracy, computational speed and convenience of several other available solution methods on several test problems. For the problem as tested, we have no hesitation in recommending the analytical solution as presented here on all three criteria. The method is particularly suitable for dealing with radiative transfer in magnetic white dwarfs where the continuum is polarized and strong lines are involved. Results obtained by using this method for computing cyclotron absorption and hydrogen Une absorption in magnetic white dwarfs have been discussed by Martin & Wickramasinghe (1979a) and Wickramasinghe & Martin (1979) . We would recommend though that a check be made on the correct programming of the solution by comparing results with those presented here, or by comparing them with a Runge-Kutta solution.
